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Overview 

• Motivation-Develop network  Eq’s for US for generator 
investment studies 

• Review (Modified) Ward-type network equivalent 

– Apply to EI, ERCOT & WECC 

– Model accuracy evaluation 
• Effect of dc model reduction 

• Effect of ac v. dc approximation 

• Base case, change cases & OPF 

• Bus Aggregation--A different approach for reduction 

• Clustering 

• Equivalent branch reactances 

• Accuracy 

• Conclusions 

 

 



Study Objective 

• Develop a backbone equivalent network model of the entire 

United States as a tool (to be made public domain) for the future 

grid engineering, market, environment studies. 

• Specific goals: 
– Accurately represent the WECC, EI, ERCOT network to match the 

base case 

– Reasonable accuracy for change cases 

– Reasonable accuracy for OPF-based studies 
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Data Base 

• EI, ERCOT, WECC data bases obtained from Energy Visuals (EV), 

Multiregional Modeling Working Group (MMWG) & ERCOT. 

• Base case: year 2011 summer peak 
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Buses: 17,154 
Generators:3,346  

Buses: 62,094 
Generators:5,545  

WECC EI 

ERCOT Buses: 6,100 
Generators:687  



Limitation of Traditional Methods 

• Traditionally, network equivalencing is performed by assuming linearity 

and eliminating (equivalencing) the unnecessary elements from the system. 

• The system is divided into internal system (to retain), external system (to 

eliminate), and boundary buses.  
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• In these methods 
– The internal area is geographically and electrically localized. 

– There is a large external network, many of whose pieces are electrically remote from the 
internal area. 

– The number of boundary buses is small compared to the number of internal buses. 

– Generators and transmission lines remote to the internal area may be eliminated from the 
equivalent since they have little effect. 

• However, what we want in the equivalent , 
– The “internal” area is neither geographically nor electrically localized. 

– There is a complex external network, but most of the pieces are not electrically remote from 
the internal area. 

– Most of the internal buses are also boundary buses so the number of boundary buses is not 
small. 

– All generators that participate in the market must be retained in the model. 

 



Review-Ward Equivalent 

Internal System External System

Boundary buses

Study System System to be

 equivalenced

Internal System

eqeq jQP 

Boundary buses

Equivalent 

transmission lines
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• Ward-type equivalents “smear” the injections of external 

generators over a large number of boundary buses. 

• For generator investment studies and GHG simulation tools it 

is impractical to model fractions of generators located at many 

buses. 



Solution-The Modified Ward Equivalent 

• In this work, the traditional Ward equivalencing method is 

modified to generate a modified-Ward equivalent for the EI, 

ERCOT and WECC. 

• In particular, the methodology employed includes: 

– use the network model generated by Ward’s method 

(Gaussian elimination on the system admittance matrix) 

– move whole generators to ‘retained buses’ based on 

electrical distance 

– move load to compensate the movement of generators 
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Selecting Elements to Retain 

• Our objective is to retain critical congested transmission paths, congested 

areas, and as many of the high voltage buses as possible in the EI system. 

• Historically congested transmission paths & areas are identified  in the 

National Electric Transmission Congestion Study1,2  commissioned by DOE 

and future congested transmission paths & areas are predicted in the 

 

8 1: http://www.oe.energy.gov/DocumentsandMedia/Congestion_Study_2006-9MB.pdf - 2006 version 

2: http://congestion09.anl.gov/documents/docs/Congestion_Study_2009.pdf -  2009 version 

Most congested paths in EI – simulation1 



• Selection of lines and corresponding buses to retain was a 3-step procedure: 
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Matching Between the Congestion Studies and 

the MMWG Data Base  

e.g, ISO NE region 

Step 1: candidate selection 

Step 2: validation through 

industry contacts 

Step 3: modification based 

on feedback 



• 1. Apply the classical Ward equivalencing technique to remove all but the selected 
buses. 

• 2. Apply the classical Ward equivalencing technique but retain both the selected 
buses and external generator buses. This model is used to determine the location of 
the generators in the final equivalent. 

• 3. Apply the classical Ward equivalencing technique again to remove the external 
system. This step generates the network model for the final equivalent. 

 

 

 

10 Power system of Wisconsin  

(b) after step 2 (c) after step 3 (b) Original WI system 

Network Reduction Procedures 



The Shortest Path Problem 

 

• 4. Move generators to the boundary 
buses which are closest to the generators. 

– Based on graph theory, the generator 
moving problem can be formulated as 
the shortest weighted path problem. 

– Find a path between each generator 
bus and an internal bus such that the 
sum of the weights of constituent 
branches is minimized.  

– This shortest weighted path problem 
was solved using Dijkstra’s algorithm 
[3, 4]. 

– Other ways to measure electrical 
distance. 
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3. E. W. Dijkstra, "A Note on Two Problems in Connection with Graphs," Numerische Math, vol. 1, no. 1, pp. 269-271, 1959. 

4. B. V. Cherkassky, A. V. Andrew and T. Radzik, "Shortest Paths Algorithms: Theory and Experimental Evaluation", Mathematical Programming, Ser. A 73(2), pp. 129-174, 1996. 



• 5. Move the load.  

– In the classical Ward equivalencing, external generation and load are 

broken up into fractions. 

– In the modified Ward method, move generators integrally. 

– Move load to match the base case using Inverse Power Flow. 

– Moving loads for gen investment /environmental  studies in Cornell’s 

SuperOPF not as critical since they can be scaled up/down in unison by 

region. 

• 6. The slack bus is selected which offers the best numerical 

convergence during the reduction process. 
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The Whole Process 



Equivalents of the Entire United States 

The 3 reduced 

models are 

interconnected 

through HVDC lines 

Full model: 85,348 
buses (in total) 

Reduced model: 
8,601 buses (in total) 

5,200-bus 62,094-bus 

17,154 
-bus 

6,100-bus 

2,365-bus 

1,036-bus 



Model Evaluation Approach 

• Error cause by dc-to-dc model reduction 
– EI, ERCOT, WECC 

– Test 1: Base Case + Changed Case 

• Re-dispatched a percentage of the coal fired generation to gas-fired units to 

mimic cap-and-trade  scheme. 

• Metric: line-flow 

– Test 2: OPF Solution 

• Metric: LMP and production cost. 

• Error caused in full model by ac-to-dc approximation 
– EI 

– Loss compensation 

• None 

• Single Load Multiplier 

• Zonal Multiplier 
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Model Evaluation Test-273 Bus dc EI 

• Under the changed generation pattern, we 

– solve the dc power flow for the full model 

– solve the dc power flow for the reduced model 

– compare the two power flow solutions and calculate the errors: 

 
where             represents the MVA rating of the retained line i. 

• The test result for 1% decrease in coal generation is shown below 
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When the coal generation decreases by 1%, the largest error in 

the power flows on retained TL’s reaches 100 MW, or 9.7%.  
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Model Evaluation Test-273 Bus EI 

• Average percent error: 

• For the 1% change in the generation pattern, the average errors in the line 

flows are calculated to be: 4.375%. 

• Average error as a function of decrease in the coal generation: 
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Accuracy vs. Size -EI 

300 bus model 650 bus model 

1400 bus model 4400 bus model 

• The modified Ward equivalents generated are: 
– 300 bus model: retain all the congested lines based on DOE congestion study 

– 650 bus model: retain congested lines + 500kV and above buses 

– 1400 bus model: retain congested lines+345kVand above buses 

– 2800 bus model: retain congested lines+345kVand above buses+ part of 230kv buses 

– 4400 bus model: retain congested lines+230kV and above buses 
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Accuracy vs. Size-EI 

• The simulation results for these reduced models under different generation 

patterns are shown below: 

           Decrease in coal 

Bus # 1% 2% 3% 4% 5% 

300 4.38 9.35 11.65 16 19.96 

650 2.71 5.38 8.01 9.96 12.97 

1400 1.75 3.68 4.93 7.23 8.77 

2800 1.21 2.40 3.67 4.79 5.53 

4400 0.79 1.73 2.38 3.05 3.88 

• A 2800 to 4400 bus model will be 

acceptable for the EI.  
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Model Evaluation Tests –WECC 

605-bus 752-bus 2365-bus 
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Model Evaluation Test - ERCOT 

279-bus 424-bus 1036-bus 

Error (MW) on retained lines when 
dispatch changes by 1% (279 bus 
model.) 

Avg. Error (%) vs. dispatch changes (size) 
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Model Evaluation-dc OPF  

EI-5,200-bus equivalent 
• Reduce 62,000 buses to 5,200 buses 

• Computational efficiency for running dc vs. ac OPF: Speedup factor of 

16.5. 

• Production costs from the two models (16,244,321 $/Hour in the full 

system vs. 16,193,495.27 $/Hour in the equivalent.): Error of 0.31%. 

• The average LMP differ by 0.0129 $/MWh,: Error of 0.0254%.  

• The worst LMP difference 1.6841 ($/MWh): Error 3.3% of the avg. 

LMP.  

• The 5,200-bus modified Ward equivalent gives satisfactory results. 
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Model Evaluation dc OPF 

ERCOT 424-Bus Model 

From Table I, it can be seen that- 

 -The error in the total operating 

costs 0.19%. 

 

-The average LMPs differed by 

0.0174 $/MWh: Error of 0.068%.  

Maximum error in generator 

dispatch is about1%. 

TABLE I.  

COMPARISON BETWEEN THE DC OPF SOLUTIONS OF THE  FULL 

AND 424-BUS-EQUIVALENT ERCOT MODELS 

  
Full 

Model 

424-bus 
Equivalen

t  

|Errors 
(MW)| 

|Errors 
(%)| 

Convergence  Y Y NA NA 

Total Cost  
($/Hour) 

1,363,111 1,360,559 2552 0.19% 

Average LMP 
($/MWh) 

25.6163 25.6337 0.0174 0.068% 

 TABLE II 

COMPARISON OF THE GENERATOR DISPATCH BETWEEN THE FULL AND 

424-BUS-EQUIVALENT MODELS BASED ON DC OPF SOLUTIONS 

Fuel Type 
Equivalent 

(MW) 

Full 
System 
(MW) 

|Errors 
(MW)| 

|Errors 
(%)| 

nuclear 5131 5131 0.0 0.0% 

coal 19576 19577 1.0 0.005% 

natural gas 26041 25952 89.0 0.342% 

wind 9380 9468 88.0 0.949% 

Distillate Fuel 
Oil  

(Diesel,FO1,FO
2,FO4) 

-2 -2 0.0 0.000% 

hydro 0 0 0.0 0.000% 

waste heat 14 14 0.0 0.000% 

wood or wood 
waste 

50 50 0.0 0.000% 

unknown 568 568 0.0 0.000% 



Model Evaluation Approach 

• Error cause by dc-to-dc model reduction 
– EI, ERCOT, WECC 

– Test 1: Base Case + Changed Case 

• Re-dispatched a percentage of the coal fired generation to gas-fired 
units to mimic cap-and-trade  scheme. 

• Metric: line-flow 

– Test 2: OPF Solution 

• Metric: LMP and production cost. 

• Error caused by ac-to-dc approximation 
– EI 

– Loss compensation 

• None 

• Single Load Multiplier 

• Zonal Multiplier 
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Errors: dc v. ac  

Power Flow Approximation-Full EI Model 

• ac power flow vs. dc power flow. 

• For the dc PF model, we look at three cases: 

–  No loss compensation 

–  Losses compensated through single load multiplying 

–  Losses compensated using “zonal” loss multipliers 

• Metric: line flows 
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Cases considered: 



Reporting Line Flow Error Results 

• Followed the same testing methods as discussed in Ref [A]. In 

reporting line-flow errors, we: 

– Neglect all lines with flows below 50MW 

– Neglect all lines that are loaded below 70% of the rating 

– Neglect all lines that have no MVA rating 

 

• In addition, we neglected all branches that are 100kV and 

below. (We assume that for generation-investment studies, the MVA 

violations on lines that are 100kV and below can be corrected through 

long-term system planning.) 

 

[A]B. Stott, J. Jardim, O. Alsaç, “DC Power Flow Revisited,” IEEE Trans. Power Syst., vol. 24, no. 3, Aug. 2009. 26 



dc Line Flows with No Loss Compensation 

Full EI ac v. dc 

27 

•The average error 
avg(|error|) is 10.91 MW 
 
•The maximum error is 
about 600 MW 

•Average error in percent is 
2.54% 
 
•Maximum error in percent is 
49.33% 
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Max error: 102MW 
Max error in percent: 13.56% 
Average error: 6.42MW 
Average error in percent: 1.79% 
 

dc Line Flows with Single Loss Multiplier 
Full EI ac v. dc 
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Max error: 83MW 
Max error in percent: 12.20% 
Average error: 5.62MW 
Average error in percent: 1.64% 
 

dc Line Flows with Zonal Loss Multipliers 
Full EI ac v. dc 



Improvement in Accuracy  

Using Loss Compensation 

Full EI ac v. dc 

Conclusions: 

• Accuracy is poor if loss is not compensated. 

• Accuracy is much improved with loss compensation. 

• Compensating loss with different zonal multiplier is slightly 
better than with a single multiplier. 

• Compensating loss with a single multiplier in dc PF is an 
effective and perhaps the simplest way to improve the dc PF 
accuracy. 30 

DC PF with no loss 
compensation 

DC PF with single 
scaling factor 

DC PF with different 
scaling factors 

Max error 600MW 102 MW 83 MW 

Max error (%) 49.33% 13.56% 12.20% 

Avg. error 10.91 MW 6.42 MW 5.62 MW 

Avg. error (%) 2.54% 1.79 % 1.64% 



Bus Aggregation 

A Different Approach 
• Difference from modified Ward:  

– Aggregate buses rather than “eliminate” buses. 

– Match base case inter-zonal flows “accurately” 

(rather than retained transmission line flow as in 

modified Ward.) 

• Aggregation algorithm applied to EI. 

– k-means ++ 

• Inter-zonal flow matching 

• Test results for 6-bus system 

• Tested on EI. 
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Bus Aggregation 

• Basic idea: 
– Divide system into zones 

(aggregation.) 

– Each zone represented by a 
single bus 

– Generation & load aggregated to 
the single bus 

– Intra-zonal lines are neglected 

– Inter-zonal lines are aggregated 

• Inter-zonal power flows 
reflect the bilateral 
transactions between two 
corresponding zones 
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Topology of the Reduced Network 

• Buses in the equivalent are connected by equivalent lines, if 

and only if, in the original system, there is at least one TL that 

directly connects the corresponding zones. 
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Bus Clustering /Aggregation Algorithms 

• Buses can be aggregated using any metric/philosophy 

• To test the method, we aggregated buses according to 
the similarity of their injection effect on line flows 
(similar shift factors). 

• Similarity Measures: cosine similarity vs. Euclidean 
distance 

• Clustering algorithms: k-means, bisecting k-means, 
k-means++ 
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Power Transfer Distribution Factor  

(PTDF) 

• PTDF matrix relates the power flows through TL’s to the 

power injections at buses through a linear relationship.  

• Similar line flow effect  similar shift factors in PTDF 

matrix. 

• Dimension & density of PTDF matrix. 

• The EI data case we have contains approximately 60,000 buses 

and 80,000 branches. (EI80,000  60,0005 Billion entries) 

• Computation of the full EI PTDF matrix uses parallel 

computing platform “Saguaro” (4560 processing cores) at 

ASU. 
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Clustering via K-means Algorithm 

• The objective of the k-means algorithm works in such a way that within one cluster 

(t), the Euclidean distance between any bus and this cluster’s center is smaller than 

the Euclidean distance between this bus and any of the other cluster’s centers.  

• This algorithm includes the following four steps: 
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Bisecting K-means & K-means++ 

• NP hard problem  

• K-means has problem when clusters are 

of different  

– Sizes 

– Densities 

– Non-globular shapes 

37 

• K-means has problem when the data 

contains outliers 

• K-means may yield empty clusters for a 

large data set 

• Result heavily depends on the initial 

seeding strategy 

• To solve the problems of K-means, we tried 

  Bisecting K-means   

  K-means++ 

 
Bisecting K-means K-means ++ 



Clustering Results and Evaluation 

• Most common measure is Sum of Squared Error (SSE) 

– For each point, the error is the distance to the nearest cluster centroid 

– To get SSE, we square these errors and sum them up 

 

 

 

 

 

 

 

 
• Remark: Satisfactory results were obtained; K-means++ works the best. 
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Calculating Reduced Network 

Equivalent Reactances 

• Calculate “effective” shift factors for reduced 

equivalent that match the inter-zonal flows of 

full network for the base case. 

• Calculate set of branch reactance in reduced 

network which gives inter-zonal flows that are 

“closest”  to those in the full matrix. 

39 



The Solution 
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Finally arrives at 

[B] D. Shi, D. Tylavsky, “An Improved Bus Aggregation Technique for Generating Network 

Equivalents,” IEEE PES General Meeting, San Diego, CA, Jul 2012.  



The Over-Determined Problem 

• The linear over-determined problem and its solution: 
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Number of  rows in Λ is : nlnb 6,000 2,00012 million 

equations for  a 2000 bus equivalent of the EI. Large 

computational burden. 
• To reduce the computational burden, the following features 

have been recognized: 

− Λ is a sparse matrix – very sparse 

− No. of non-zeros in each row of block  ‘(ΦR CR
T –I)diag(ci)’                          

equals to the no. of branches connected to bus i 

− In the equivalent, a bus is connected by 3~4 branches on average. 

− Structural property of the Λ matrix 

− Each block of  ‘(ΦR CR
T –I)diag(ci)’  contains 6000 equations, but only 4 

are linearly independent. 

− Therefore, no need to calculate the full Λ matrix. 
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Numerical Example – Accuracy Validation 

6-Bus System 

• Apply approach to a small 6-bus test system. 
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2

3

1

4

5

6

Zone IZone II Zone III

Zone IV

slack

Zone I

Zone II

Zone III

Zone IV

slack

Flow Ward  

(MW) 

Ref [5] 

(MW) 

Proposed 

Method 

(MW) 

Actual 

(MW) 

PI->II -271.4 -244.8 -232.8 -232.8 

PI->IV -128.6 -155.3 -167.2 -167.2 

PII->III 10.7 1.8 5.7 5.7 

PII->IV 17.9 53.5 61.5 61.5 

PIII->IV 60.7 51.8 55.7 55.7 

Avg. 

Error 
41.5% 20.1% 0% NA 

[5] H. Oh, “A New Network Reduction Methodology for Power System Planning Studies,” IEEE Trans. Power Syst., vol. 25, no. 2, May 2010. 



Bus Aggregation Method Performance  

under Changed Operating Conditions  

• The change in the system operating point is achieved 
by varying the power injection at bus #4 (Pinj

(4)).  
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Application to EI 

Full 

100-bus 300-bus 

800-bus 1000-bus 



Execution Time Comparison 

• For 1000-bus equivalent of the EI, the following accuracy is obtained. 
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Execution Time Comparison 

• Both the proposed method and the method in [5] were coded and applied to the EI. 

• To do a fair comparison, the same set of bus clustering results were used for both methods. 

• For a 1000-bus equivalent of the EI, the following execution time were observed. 

[5] H. Oh, “A New Network Reduction Methodology for Power System Planning Studies,” IEEE Trans. Power Syst., vol. 25, no. 2, May 2010. 

Execution Time for the 

Computation of.. 

Ref [5] Proposed 

Method 

Speedup 

Factor 

Full PTDF Matrix 1.15 hr - 

Bus Clustering 4.5 hr - 

Reduced PTDF Matrix 4.4 hr 2.1 hr 2.15 

Equivalent line 

reactance 
80814 sec 18.09 sec 447 

• Systems equivalents large than 1000 buses, the execution time of the bus clustering 
algorithm is too large even for our super computer: 

• Make the PTDF matrix sparse 

• Rewrite the k-means++ algorithm taking sparsity into account. 

• Use C++ instead of Matlab which alone is likely to give a speed up of 10 or greater. 



Conclusions 

• Two network reduction methods were proposed and 

implemented for the continental U. S. power systems. 

• Modified Ward Equivalents: 

– Equivalents were generated for the EI, WECC and ERCOT 

– The equivalents were validated using change-case PF solutions and dc 

OPF solutions. 

– With a “reasonable” size equivalent the modified Ward equivalent can 

yield accurate network solutions.   
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Conclusions 

• A bus aggregation based network equivalent was 
developed and implemented in this work.  

– Three bus clustering algorithm were evaluated  and the k-
means++ approach showed the best result. 

– Method implemented and applied to 62,000 bus EI and an 
Eq generated 

– A large equivalent using this approach is expected to be 
suitable for accurately modeling inter-zonal flow in 
generation-investment planning studies.  

– The proposed bus aggregation based network reduction 
method is superior to existing bus-aggregation methods in: 
• base case performance (accuracy of inter-zonal power flow) 

• performance with changed operating conditions 

• computational efficiency 
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Questions? 



Handling of Special Elements 

-Each HVDC line in the system is 

replaced by a pair of generators 

connected to two dummy buses.  

-Allow optimal dispatch of HVDC 

lines 

50 

HVDC Line
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-SVCs are converted to 

generators with no real 

power output 

-Islands: retain only large islands, 

remove small ones.  



• 4. Move generators to the boundary buses which are closest to the generators. 

– The power network is a very complicated meshed network 

– A complicated algorithm was proposed to deal with the meshed network to move the generators. 

– The basic idea is dynamic programming 

 

• Example 
Line 

7-1 0.02 

7-2 0.015 

7-8 0.01 

1-8 0.02 

8-2 0.015 

8-3 0.04 

9-3 0.02 

9-4 0.01 

the distance between generator A and internal bus #1, 

#2 and #3 are calculated as: 
02.01 ADis

  015.0025.0,015.0min2 ADis

  05.007.0,05.0min3 ADis

generator A is electrically closest to bus #2, so that 

based on the proposed strategy, generator A is moved 

to bus #2. 

51 



Model Evaluation-Dc OPF (EI-5222-bus equivalent) 
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The Flow Chart 
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Start

Calculate the full system PTDF matrix Φ=Bbranch
-1∙Bbus

Extract rows corresponding to the designated branches 

from Φ to form Φ’

m initial seeds have been found?
No

Yes

Select the 1st initial seed 

randomly

Calculate D(hk) for each 

PTDF vector

Select a new seed (centroid) at random with a 

weighted distribution function propotional to 

[D(hk)]
2

Apply k-means to Φ’ with the chosen initial 

seeds

Output
Terminals of designated branches 

in the same cluster?

Split this cluster into two based on 

Euclidean distance

No

Yes


